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1 Definition of Complex Numbers

Complex numbers are not more complex than ordinary real numbers (decimal numbers,
like 2.14159 or π or -1, etc.). They have just two “dimensions” instead of one (I’ll make
that clear immediately). Their advantage is however significant and their usage in physics,
engineering and in particular in music technology is paramount. But why would we miss
anything with the usual real numbers whose set is denoted by R, see Figure 1 for the usual
visualization of R as a line?

Figure 1: The real number line.

The main incompleteness is that there are operations which we cannot perform in real
numbers. The most evident is that the square x2 of every real number x is non-negative, for
example, (−3)2 = 9. Therefore no negative real number x has a square root

√
x, because

the square of such a square root would have to be positive!
This flaw can also be seen from a more geometric point of view: When you want to

move from a positive number, 2.5, say, to its negative counterpart −2.5, you have to move
through zero, which is a dramatic event. You may think of the question of moving from
yourself to your image in a mirror! In the moment of transgressing the mirror you become
flat for a short moment.

The invention of the complex numbers solves these problems in a very elegant and
geometric way. The idea comes from reading a book. When you leaf in a book (Figure 2),
you turn points on a page to point in the opposite direction, which on the real number line
would mean to pass from x to −x. The advantage of leafing is that nothing is destroyed
or flattened, in fact your page moves through space without being deformed at all.

This is the idea leading to complex numbers: We add a second, vertical, dimension to
the real (horizontal) line. This means that complex numbers are no longer living in the
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Figure 2: Leafing in a book instead of reflecting at zero.

real line, but in the plane spanned by the real line axis R and an orthogonal second axis
iR. It will become clear soon, why I give the second axis this strange name iR.

When we consider the plane spanned by R and iR, as the set of complex numbers, we
denote it be C. But why call these points numbers? They are not number yet that one
would be able to add and to multiply. But this is achieved by the following definition of
sum and product of complex numbers: Let z = (x, y), w = (u, v) be two complex number
then we set

z + w = (x+ u, y + v)

z · w = (xu− yv, xv + uy)

The sum is not really new, it is the well-known sum of vectors (arrows) of the plane. The
only new thing is the product. So let us understand what is the yoga of this construction.

Exercise 1. First, check that sum and product behave as we expect it: Both operations
are commutative (z + w = w + z, z · w = w · z), associative, i.e. you can set brackets as
you want (e.g. (z ·w) · t = z · (w · t)), and distributive, (z+w) · t = z · t+w · t. Finally, we
have the additive neutral element 0 = (0, 0), “zero”, and the multiplicative neutral element
1 = (1, 0), “one”.

Moreover, the real number arithmetic is preserved if we restrict to the complex numbers
that are sitting on the horizontal line, i.e. the numbers of R are represented by the points
z = (x, 0) with vanishing second coordinate. Verify that the usual real arithmetic is realized
on these numbers.

Exercise 2. For example, if the real numbers x, y are represented by (x, 0), (y, 0), the
their product xy is in fact represented by the product (x, 0) · (y, 0) = (xy, 0) of complex
numbers. Verify that!
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Figure 3: Complex numbers are just the points z = (x, y) of the plane spanned by two
orthogonal copies of R.

Exercise 3. Also, if we are given a non-zero complex number z = (x, y), then it has a
multiplicative inverse 1/z, namely 1/z = (x/(x2 + y2),−y/(x2 + y2)), which is a legitimate
expression since x2 +y2 6= 0 if x, y are not both zero. Verify this claim, i.e. that z ·1/z = 1.

This is nice, but the real magic is that we now can find square roots even of negative
numbers. In fact, the magic number is i = (0, 1). It is called imaginary unit. We have
i2 = −1, The latter number−1 meaning (−1, 0), the one in the real number axis. Therefore,
if −x is any negative real number, its square root is i ·

√
x. This is exactly what we are

doing while leafing: The square root
√
x of the positive x is rotated by 90 degrees into the

imaginary axis, yelding i ·
√
x. We now also understand why we named the second axis

of C iR: It is in fact the real axis R being multiplied by i. You see that multiplying by i
rotates the real numbers counter-clockwise by 90 degrees. This is a leafing action!

The imaginary unit enables a unique representation of a complex number z = (x, y) as
follows

z = x+ i · y

where x and y are viewed as real numbers being thought as the reals in the horizontal axis
within C. In this form, the addition and multiplication looks very easy:

(x+ iy) + (u+ iv) =(x+ u) + i(y + v)

(x+ iy) · (u+ iv) = (xu− yv) + i(xv + uy)
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which you get by just making the usual arithmetic, such as (x+ iy) · (u+ iv) = xu+ i2yv+
xiv + iyu = (xu− yv) + i(xv + uy).

For every complex number z = x+ iy, there is an associated number, called the conju-
gate, defined by z = x− iy. Clearly, z = z.

Exercise 4. Show that z + w = z + w and z · w = z · w.
For a complex number z = x+ iy, its norm is defined by |z| =

√
x2 + y2.

Exercise 5. Prove that |z| =
√
z · z, and that |z · w| = |z||w|.

Exercise 6. Calculate for z = 3 + i7, w = −1 − i5 the sum z + w, the product z · w,
the norm |z| and the inverse 1/w.

2 The Exponential Function

This part is a bit more involved, but it is very important to at least know the results.
For every complex number z we can build a new complex number, its exponential, by the
formula

ez = 1 + z + z2/2 + z3/2.3 + z4/2.3.4 + . . . zn/n! + zn+1/(n+ 1)! + . . . =
∑
n≥0

zn/n!

where the factorial number n! is defined by n! = 1.2.3.4 . . . (n− 1).n, and the special value
0! = 1, by definition. So the exponential is an infinite sum of complex numbers. It is
always true that this infinite sum converges to a finite complex number (like for Fourier’s
infinite sum). The exponential has some very useful and easy to memorize properties (for
all complex numbers z, w and real numbers x):

ez+w = ez · ew

cos(x) + i sin(x) = eix (Euler’s formula)

You see from the first property that the exponential is a kind of inverse to the logarithm!
From this it follows that e0 = 1 and that e−z = 1/ez.

Exercise 7. Use these exponential formulas to prove the classical goniometric formulas

cos(x+ y) = cos(x) cos(y)− sin(x) sin(y)

sin(x+ y) = sin(x) cos(y) + cos(x) sin(y)

which we used to change the classical Fourier formula with phases into the formula without
phases, but with cos functions instead.

The above leafing metaphor is now even more generally true: Suppose that you have
the angle x and want to rotate a complex number z by x (imagine its arrow from the
origin). This can be accomplished by multiplying z by eix: z · eix is the arrow z rotated by
x counter-clockwise, see Figure 4.
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Figure 4: Rotation by angle x is realized by complex multiplication by eix.
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